Charged pion masses under strong magnetic fields in the NJL model by Coppola, Máximo et al.
Physics Letters B 782 (2018) 155–161Contents lists available at ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Charged pion masses under strong magnetic ﬁelds in the NJL model
M. Coppola a,b, D. Gómez Dummc,∗, N.N. Scoccola a,b,d
a CONICET, Rivadavia 1917, (1033) Buenos Aires, Argentina
b Physics Department, Comisión Nacional de Energía Atómica, Av. Libertador 8250, (1429) Buenos Aires, Argentina
c IFLP, CONICET – Departamento de Física, Fac. de Cs. Exactas, Universidad Nacional de La Plata, C.C. 67, (1900) La Plata, Argentina
d Universidad Favaloro, Solís 453, (1078) Buenos Aires, Argentina
a r t i c l e i n f o a b s t r a c t
Article history:
Received 1 March 2018
Accepted 23 April 2018
Available online 7 May 2018
Editor: J. Hisano
The behavior of charged pion masses in the presence of a static uniform magnetic ﬁeld is studied in 
the framework of the two-ﬂavor NJL model, using a magnetic ﬁeld-independent regularization scheme. 
Analytical calculations are carried out employing the Ritus eigenfunction method, which allows us to 
properly take into account the presence of Schwinger phases in the quark propagators. Numerical results 
are obtained for deﬁnite model parameters, comparing the predictions of the model with present lattice 
QCD results.
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(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.The study of the behavior of strongly interacting matter under 
intense external magnetic ﬁelds has gained increasing interest in 
the last few years [1–3], especially due to its applications to the 
analysis of relativistic heavy ion collisions [4] and the description 
of compact objects like magnetars [5]. From the theoretical point of 
view, addressing this subject requires to deal with quantum chro-
modynamics (QCD) in nonperturbative regimes, therefore, present 
analyses are based either in the predictions of effective models or 
in the results obtained through lattice QCD (LQCD) calculations. In 
this work we focus on the effect of an intense external magnetic 
ﬁeld on π meson properties. This issue has been studied in the last 
years following various theoretical approaches for low-energy QCD, 
such as Nambu–Jona–Lasinio (NJL)-like models [6–14], chiral per-
turbation theory [15–17] and path integral Hamiltonians [18,19]. In 
addition, results for the light meson spectrum under background 
magnetic ﬁelds have been recently obtained from LQCD calcula-
tions [20–25].
In the framework of the NJL model, mesons are usually de-
scribed as quantum ﬂuctuations in the random phase approxima-
tion (RPA) [26–28], that is, they are introduced via a summation 
of an inﬁnite number of quark loops. In the presence of a mag-
netic ﬁeld, the calculation of these loops requires some special care 
due to the appearance of Schwinger phases [29] associated with 
each quark propagator. For the neutral pion these phases cancel 
out, and as a consequence the usual momentum basis can be used 
to diagonalize the corresponding polarization function [6–8,10,11]. 
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SCOAP3.On the other hand, for the charged pions the Schwinger phases 
do not cancel, leading to a breakdown of translational invariance 
that prevents to proceed as in the neutral case. In this situa-
tion, some existing calculations [9,14] just neglect the Schwinger 
phases, taking into account only the translational invariant part of 
the quark propagator. Very recently [13], the use of the derivative 
expansion approach has been proposed as an improved approx-
imation to deal with this issue. It should be noticed, however, 
that such an approach is expected to be less reliable as the mass 
of the meson and/or the magnetic ﬁeld increase. The aim of the 
present work is to introduce a method that allows us to fully take 
into account the translational-breaking effects introduced by the 
Schwinger phases in the calculation of the charged meson masses 
in the RPA approach. Our method is based on the Ritus eigenfunc-
tion approach [30] to magnetized relativistic systems, which, as we 
show below, allows us to fully diagonalize the charged pion polar-
ization function.
We start by considering the Euclidean Lagrangian density for 
the NJL two-ﬂavor model in the presence of an electromagnetic 
ﬁeld. One has
L = ψ¯ (−i/D +m0)ψ − G [(ψ¯ ψ)2 + (ψ¯ iγ5 τ ψ)] , (1)
where ψ = (u d)T , τi are the Pauli matrices, and m0 is the current 
quark mass, which is assumed to be equal for u and d quarks. The 
interaction between the fermions and the electromagnetic ﬁeld Aμ
is driven by the covariant derivative
Dμ = ∂μ − i QˆAμ , (2) under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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the proton electric charge.
Since we are interested in studying meson properties, it is con-
venient to bosonize the fermionic theory, introducing scalar and 
pseudoscalar ﬁelds σ(x) and π(x) and integrating out the fermion 
ﬁelds. The bosonized Euclidean action can be written as [27]
Sbos = − logdetD + 14G
∫
d4x
[
σ(x)σ (x) + π(x) · π(x)
]
, (3)
with
Dx,x′ = δ(4)(x− x′)
[− i/D +m0 + σ(x) + i γ5 τ · π(x)] , (4)
where a direct product to an identity matrix in color space is un-
derstood. We will consider the particular case of an homogeneous
stationary magnetic ﬁeld B along the 3 axis. Then, choosing the 
Landau gauge, we have Aμ = B x1 δμ2.
We proceed by expanding the bosonized action in powers of 
the ﬂuctuations δσ (x) and δπi(x) around the corresponding mean 
ﬁeld (MF) values. As usual, we assume that the ﬁeld σ(x) has a 
nontrivial translational invariant MF value σ¯ , while the vacuum 
expectation values of pseudoscalar ﬁelds are zero. Thus we write
Dx,x′ = DMFx,x′ + δDx,x′ . (5)
The MF piece is ﬂavor diagonal. It can be written as
DMFx,x′ = diag
(DMF,ux,x′ , DMF,dx,x′ ) , (6)
where
DMF, fx,x′ = δ(4)(x− x′)
(−i/∂ − q f B x1 γ2 +m0 + σ¯ ) . (7)
On the other hand, the second term in the right hand side of 
Eq. (5) is given by
δDx,x′ = δ(4)(x− x′)
(
δσ (x) + iγ5δπ0(x)
√
2iγ5 δπ+(x)√
2iγ5 δπ−(x) δσ (x) − iγ5δπ0(x)
)
,
(8)
where π± = (π1 ∓ iπ2) /
√
2. Replacing in the bosonized effective 
action and expanding in powers of the meson ﬂuctuations around 
the MF values, we get
Sbos = SMFbos + Squadbos + . . . (9)
Here, the mean ﬁeld action per unit volume reads
SMFbos
V (4)
= σ¯
2
4G
− Nc
V (4)
∑
f=u,d
∫
d4xd4x′ tr ln
(
SMF, fx,x′
)−1
, (10)
where tr stands for the trace in Dirac space. The quadratic contri-
bution is given by
Squadbos =
1
2
∑
M=σ ,π0,π±
∫
d4xd4x′ δM(x)∗
×
[
1
2G
δ(4)(x− x′) − JM(x, x′)
]
δM(x′) , (11)
where
Jπ0(x, x
′) = Nc
∑
f
tr
[
SMF, fx,x′ γ5 S
MF, f
x′,x γ5
]
,
Jπ±(x, x
′) = 2Nc tr
[
SMF,ux,x′ γ5 S
MF,d
x′,x γ5
]
, (12)while the expression for Jσ is obtained from that of Jπ0 just 
replacing γ5 with the unit matrix in Dirac space. In these ex-
pressions we have introduced the mean ﬁeld quark propagators 
SMF, fx,x′ =
(DMF, fx,x′ )−1. As is well known, their explicit form can be 
written in different ways [2,3]. For convenience we take the form 
in which SMF, fx,x′ is given by a product of a phase factor and a trans-
lational invariant function, namely
SMF, fx,x′ = ei	 f (x,x
′)
∫
p
ei p (x−x′) S˜ fp , (13)
where 	 f (x, x′) = exp
[
iq f B(x1 + x′1)(x2 − x′2)/2
]
is the so-called 
Schwinger phase. We have introduced here the shorthand notation∫
p
≡
∫
d4p
(2π)4
. (14)
We express now S˜ fp in the Schwinger form [2,3]
S˜ fp =
∞∫
0
dτ exp
[
−τ
(
M2 + p2‖ + p2⊥
tanhτ B f
τ B f
)]
×
{(
M − p‖ · γ‖
)[
1+ is f γ1γ2 tanhτ B f
]− p⊥ · γ⊥
cosh2 τ B f
}
.
(15)
Here we have used the following deﬁnitions. The perpendicular 
and parallel gamma matrices are collected in vectors γ⊥ = (γ1, γ2)
and γ‖ = (γ3, γ4), and, similarly, we have deﬁned p⊥ = (p1, p2)
and p‖ = (p3, p4). The quark effective mass M is given by M =
m0 + σ¯ , and other deﬁnitions are s f = sign(q f B) and B f = |q f B|. 
Notice that the integral in Eq. (15) is divergent and has to be prop-
erly regularized, as we discuss below.
Replacing the above expression for the quark propagator in 
Eq. (10) and minimizing with respect to M we obtain the gap 
equation [31]
M = m0 + 4GMNc I , (16)
where
I = 1
8π2
∑
f
∞∫
0
dτ
τ 2
e−τM2τ B f coth(τ B f ) . (17)
To regularize the above integral we use here the Magnetic Field In-
dependent Regulation (MFIR) scheme [32,33]. That is, we subtract 
from I the unregulated integral in the B = 0 limit, I B=0, and then 
we add it in a regulated form I(reg)B=0 . Thus, we have
I(reg) = I(reg)B=0 + I(mag) , (18)
where I(mag) is a ﬁnite, magnetic ﬁeld dependent contribution 
given by
I(mag) = 1
8π2
∑
f
∞∫
0
dτ
τ 2
e−τM2
[
τ B f coth(τ B f ) − 1
]
= M
2
8π2
∑
f
[
ln
(x f )
x f
− ln2π
2x f
+ 1−
(
1− 1
2x f
)
ln x f
]
,
(19)
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corresponding one given in Ref. [27], and it also matches the re-
sult obtained in Ref. [32], where the propagator is expressed in 
terms of a sum over Landau levels. On the other hand, the regu-
lated piece I(reg)B=0 does depend on the regularization prescription. 
Choosing the standard procedure in which one introduces a 3D 
momentum cutoff , we get the well known result [27]
I(reg)B=0 = I1 ≡
1
2π2
[√
2 + M2 + M2 ln
(
M
 + √2 + M2
)]
.
(20)
Let us turn now to the determination of pion masses, start-
ing by the simpler case of the neutral pion π0. We notice that 
the analysis of the π0 pole mass in the presence of a magnetic 
ﬁeld within the MFIR scheme has already been carried out in 
Refs. [8,10]. However, in those works the authors use a represen-
tation of the quark propagator different from the Schwinger one in 
Eqs. (13)–(15). Thus, we ﬁnd it opportune to verify that both rep-
resentations lead to the same results for the π0 mass. The study of 
the σ sigma meson mass can be performed in an entirely equiv-
alent way, and will not be considered here. We start by replacing 
Eq. (13) in the expression for the polarization function Jπ0(x, x
′)
in Eq. (12). This leads to
Jπ0(x, x
′) = Nc
∑
f
∫
pp′
tr ( S˜ fp γ5 S˜
f
p′ γ5)
× ei	 f (x,x′) ei	 f (x′,x) ei(p−p′)(x−x′) . (21)
Notice that the contributions of Schwinger phases to each term 
of the sum correspond to the same quark ﬂavor, hence, they can-
cel out. As a consequence, the polarization function depends only 
on the difference x − x′ (i.e., it is translational invariant), which 
leads to the conservation of π0 momentum. If we take now the 
Fourier transform of the π0 ﬁelds to the momentum basis, the 
corresponding transform of the polarization function will be diag-
onal in q, q′ momentum space. Thus, the π0 contribution to the 
quadratic action in the momentum basis can be written as
Squad
π0
= 1
2
∫
q
δπ0(−q)
[
1
2G
− Jπ0(q2⊥,q2‖)
]
δπ0(q) , (22)
where
Jπ0(q
2⊥,q2‖) = Nc
∑
f
∫
p
tr ( S˜ fp+ γ5 S˜
f
p− γ5) , (23)
with p± = p ± q/2. Choosing the frame in which the π0 meson is 
at rest, its mass can be obtained by solving the equation
1
2G
− Jπ0(0,−m2π0) = 0 . (24)
Replacing Eq. (15) into Eq. (23), a straightforward calculation leads 
to
Jπ0(q
2⊥,q2‖)
= Nc
4π2
∑
f
B f
∞∫
dz
1∫
dy e
−z
[
M2+y(1−y)q2‖
]
×0 0exp
[
−q
2⊥
B f
sinh(yzB f ) sinh[(1− y)zB f ]
sinh(zB f )
]
×
{[
M2 + 1
z
− y(1− y)q2‖
]
coth(zB f ) +
B f
sinh2(zB f )
[
1− q
2⊥
B f
sinh(yzB f ) sinh[(1− y)zB f ]
sinh(zB f )
]}
.
(25)
This expression can be also derived from Eq. (2.14) of Ref. [34]. 
As usual, here we have used the changes of variables τ = yz and 
τ ′ = (1 − y)z, τ and τ ′ being the integration parameters associated 
with the quark propagators. As done at the MF level, we regularize 
the above integral using the MFIR scheme. That is, we subtract the 
corresponding unregulated contribution in the B = 0 limit, given 
by
Jπ,B=0(q2) = Nc
2π2
∞∫
0
dz
z
1∫
0
dy e−z
[
M2+y(1−y)q2]
×
[
M2 + 2
z
− y(1− y)q2
]
, (26)
and add it in a regularized form J (reg)π,B=0(q2). The regularized polar-
ization function is then given by
J (reg)
π0
(q2⊥,q2‖) = J (reg)π,B=0(q2) + J (mag)π0 (q2⊥,q2‖) . (27)
From Eqs. (25) and (26), the ﬁnite magnetic ﬁeld-dependent term 
J (mag)
π0
(q2⊥, q2‖), evaluated at q2⊥ = 0, q2‖ = −m2π0 , is easily found to 
be
J (mag)
π0
(0,−m2
π0
)
= Nc
4π2
∑
f
∞∫
0
dz
1∫
0
dy e
−z
[
M2−y(1−y)m2
π0
]
×
{[
M2 + 1
z
+ y(1− y)m2
π0
][
B f
tanh(zB f )
− 1
z
]
+ B
2
f
sinh2(zB f )
− 1
z2
}
. (28)
On the other hand, to get J (reg)π,B=0(q2) we can use the 3D momen-
tum cutoff scheme, as done in the case of the gap equation. One 
has in this way
J (reg)π,B=0(q
2) = 2Nc
[
I1 + q2 I2(q2)
]
, (29)
where I1 is given by Eq. (20), while
I2(q
2) = 1
4π2
1∫
0
dy
[
√
2 + M2 + y(1− y)q2
+ ln
√
M2 + y(1− y)q2
 +√2 + M2 + y(1− y)q2
]
. (30)
It is interesting to note that, after some changes of vari-
ables (and making use of the gap equation), our result for 
J (reg)
π0
(0, −m2
π0
) is shown to be in agreement with the correspond-
ing expression obtained in Ref. [8], where the calculation has been 
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tors (instead of considering the Schwinger form in Eq. (15)). Since 
both calculations use the 3D cutoff regularization for the B = 0
piece, it is seen that different representations of the quark propa-
gator lead to the same result for the (ﬁnite) magnetic dependent 
piece J (mag)
π0
(0, −m2
π0
), as they should.
Finally, we discuss how to treat the case of the charged pi-
ons, which is, in fact, the main topic of this work. For deﬁniteness 
we consider the π+ meson, although a similar analysis, leading 
to the same expression for the B-dependent mass, can be carried 
out for the π− . As in the case of the π0, we start by replacing 
Eq. (13) in the expression of the corresponding polarization func-
tion in Eq. (12). We get
Jπ+(x, x
′)
= 2Nc
∫
pp′
trD( S˜
u
p γ5 S˜
d
p′ γ5) e
i	u(x,x′) ei	d(x
′,x) ei(p−p′)(x−x′) .
(31)
Contrary to the neutral case, here the Schwinger phases do not 
cancel, due to their different quark ﬂavors. Therefore, this polariza-
tion function is not translational invariant, and consequently it will 
not become diagonal when transformed to the momentum basis. 
In this situation we ﬁnd it convenient to follow the Ritus eigen-
function method [30]. Namely, we expand the charged pion ﬁeld 
as
π+(x) =
∑∫
q¯
F
+
q¯ (x)π
+
q¯ , (32)
where we have used the shorthand notation
∑∫
q¯
≡ 1
2π
∞∑
k=0
∫
q2q3q4
, q¯ ≡ (k,q2,q3,q4) , (33)
and the functions F+q¯ (x) are given by
F
+
q¯ (x) = Nk ei(q2x2+q3x3+q4x4) Dk(ρ+) . (34)
Here Dk(x) are the cylindrical parabolic functions, and we have 
used the deﬁnitions Nk = (4π Bπ+ )1/4/
√
k! and ρ+ = √2Bπ+ x1 −
s+
√
2/Bπ+ q2, where Bπ+ = |qπ+ B| and s+ = sign(qπ+ B), with 
qπ+ = qu − qd = e. A rather long but straightforward calculation 
shows that in this basis the charged pion polarization function 
is diagonal. We ﬁnd that the corresponding contribution to the 
quadratic action in Eq. (11) is given by
Squad
π+ =
1
2
∑∫
q¯
(δπ+q¯ )
∗
[
1
2G
− Jπ+(k,2)
]
δπ+q¯ , (35)
where
Jπ+(k,
2)
= Nc
2π2
∞∫
0
dz
1∫
0
dy
1
α+
e−zM2−zy(1−y)
[
2−(2k+1) Bπ+
] (α−
α+
)k
×
{[
M2 + 1
z
− y(1− y)
(
2 − (2k + 1) Bπ+
)]
(1− tu td)
+ (1− t
2
u)(1− t2d)
α+ α−
[
α− + (α− − α+)k
]}
. (36)Here we have introduced the deﬁnitions 2 = (2k + 1) Bπ+ + q2‖ , 
tu = tanh(Bu yz), td = tanh[Bd(1 − y)z] and α± = (Bdtu + Butd ±
Bπ+ tutd)/(Bu Bd).
As in the case of the neutral pion, the polarization function in 
Eq. (36) turns out to be divergent and has to be regularized. Once 
again, this can be done within the MFIR scheme. However, due 
to quantization in the 1–2 plane this requires some care, viz. the 
subtraction of the B = 0 contribution to the polarization function 
has to be carried out once the latter has been written in terms 
of the squared canonical momentum 2, as in Eq. (36). Thus, the 
regularized π+ polarization function is given by
J (reg)
π+ (k,
2) = J (reg)π,B=0(2) + J (mag)π+ (k,2) , (37)
where
J (mag)
π+ (k,
2) = Nc
2π2
∞∫
0
dz
1∫
0
dy e−z [M2+y(1−y)2] ×
{[
M2 + 1
z
− y(1− y)
[
2 − (2k + 1) Bπ+
]]
×
[
(1− tu td)
α+
(
α−
α+
)k
ez y(1−y)(2k+1)Bπ+ − 1
z
]
+
(1− t2u)(1− t2d)
α2+ α−
(
α−
α+
)k[
α− + (α− − α+)k
]
×
ez y(1−y)(2k+1) Bπ+ −
1
z
[
1
z
− y(1− y)(2k + 1) Bπ+
]}
. (38)
It is easy to see that the integral is convergent in the limit z → 0. 
The same expression for J (mag)
π+ (k, 
2) should be obtained if the 
propagators are expressed in terms of a sum over Landau levels, 
although analytical calculations could be much more cumbersome. 
On the other hand, the expression for the subtracted B = 0 piece 
is the same as in the π0 case, Eq. (26), replacing q2 → 2. There-
fore, using 3D cutoff regularization, the function J (reg)π,B=0 in Eq. (37)
will be given by Eq. (29). It can be easily seen that the same po-
larization function is obtained for the case of the π− meson.
Given the regularized polarization function, we can now derive 
an equation for the π+ meson pole mass in the presence of the 
magnetic ﬁeld. To do this, let us ﬁrstly consider a point-like pion. 
For such a particle, in Euclidean space, the two-point function will 
vanish (i.e., the propagator will have a pole) when
2 = −m2π+ , (39)
or, equivalently, q2‖ = −[m2π+ + (2k + 1) eB], for a given value of k. 
Therefore, in our framework the charged pion pole mass can be 
obtained for each Landau level k by solving the equation
1
2G
− J (reg)
π+ (k,−m2π+) = 0 . (40)
Of course, while for a point-like pion mπ+ is a B-independent 
quantity (the π+ mass in vacuum), in the present model — which 
takes into account the internal quark structure of the pion — this 
pole mass turns out to depend on the magnetic ﬁeld. Instead of 
dealing with this quantity, it has become customary in the liter-
ature to deﬁne the π+ “magnetic ﬁeld-dependent mass” as the 
lowest quantum-mechanically allowed energy of the π+ meson, 
namely
M. Coppola et al. / Physics Letters B 782 (2018) 155–161 159Fig. 1. (Color online.) Left and right panels show the behavior of ¯ and − , re-
spectively, as functions of eB for three different model parameter sets. Results from 
lattice QCD calculations [35] are included for comparison.
Eπ+(eB) =
√
m2
π+ + (2k + 1) eB + q23
∣∣∣
q3=0, k=0
=
√
m2
π+ + eB
(41)
(see e.g. Ref. [24]). Notice that this “mass” is magnetic ﬁeld-
dependent even for a point-like particle. In fact, owing to zero-
point motion in the 1–2 plane, even for k = 0 the charged pion 
cannot be at rest in the presence of the magnetic ﬁeld.
To get numerical predictions for the behavior of pion masses 
in the presence of the B ﬁeld it is necessary to take a deﬁnite 
parameterization of the NJL model. In this sense, in addition to 
usual requirements for the description of low-energy phenomeno-
logical properties, we ﬁnd it adequate to choose a parameter set 
that takes into account LQCD results for the behavior of quark–
antiquark condensates under an external magnetic ﬁeld. It is easy 
to see that at the MF level the quark–antiquark condensates are 
given by
〈 f¯ f 〉B = −Nc tr
∫
d4x SMF, fx,x
= −NcM
4π2
∞∫
0
dτ
τ 2
e−τM2τ B f coth(τ B f ) . (42)
This integral can be easily regulated within the MFIR scheme, as 
discussed above. In order to compare with LQCD results given in 
Refs. [35] we introduce the quantities
¯(B) ≡ u(B) + d(B)
2
,
−(B) = u(B) − d(B) , (43)
where  f (B) = −2 m0
[
〈 f¯ f 〉B − 〈 f¯ f 〉0
]
/D4. Here D = (135 ×
86)1/2 MeV is a phenomenological normalization constant.
Let us consider the parameter set m0 = 5.66 MeV,  = 613.4
MeV and G2 = 2.250, which (for vanishing external ﬁeld) corre-
sponds to an effective mass M = 350 MeV and a quark–antiquark 
condensate 〈 f¯ f 〉0 = (−243.3 MeV)3. This parameterization, which 
we denote as Set I, is shown to properly reproduce the empiri-
cal values of the pion mass and decay constant in vacuum, namely 
mπ = 138 MeV and fπ = 92.4 MeV. It also provides a very good 
agreement with lattice calculations in Ref. [35] for the normal-
ized average condensate ¯(B). This is shown in the left panel of 
Fig. 1, where the solid line and the fat squares correspond to the Fig. 2. (Color online.) Neutral pion mass and magnetic ﬁeld-dependent charged pion 
mass as functions of eB for three different model parameter sets (notice that they 
are practically indistinguishable from each other in the case of the neutral pion). 
For comparison, the behavior of the magnetic ﬁeld-dependent mass of a point-
like charged pion (dotted line), as well as results from lattice QCD calculations in 
Ref. [20] (squares) are also included.
predictions for Set I and LQCD results, respectively. To test the sen-
sitivity of our results with respect to the model parametrization we 
have also considered two alternative parameterizations, denoted as 
Set II and Set III, which correspond to M = 320 and 380 MeV, re-
spectively. In the right panel of the ﬁgure we plot our results for 
−(B), which also appear to be consistent with LQCD results [35]. 
It is also seen that our predictions are not signiﬁcantly affected by 
the parameter choice.
In Fig. 2 we show our numerical results for the behavior of pion 
masses, which are plotted as functions of eB . Solid, dashed and 
dashed-dotted lines correspond to Sets I, II and III, respectively. 
In the case of the π+ , the curves correspond to the “magnetic-
ﬁeld dependent mass” Eπ+ deﬁned by Eq. (41). For comparison 
we also show the behavior of Eπ+ in the case of a point-like me-
son. From the ﬁgure it is seen that, according to the prediction 
of the model, the π+ structure tends to increasingly enhance the 
value of Eπ+ when the magnetic ﬁeld is increased. The ﬁgure also 
includes the LQCD results given in Ref. [20], in which values up 
to eB ∼ 0.4 GeV2 have been quoted for realistic pion masses using 
staggered quarks. It is found that model predictions are in good 
agreement with LQCD results for eB  0.15 GeV2, while they seem 
to deviate from them for larger values of the magnetic ﬁeld. Con-
cerning the π0 mass, it is seen that it shows a slight decrease with 
eB , as previously found e.g. in Refs. [8,10]. Once again the results 
are in general rather independent of the model parametrization.
Besides the mentioned LQCD calculation in Ref. [20], more re-
cent lattice simulations using Wilson fermions [24,25] have been 
carried out, providing results for π+ and π0 masses for larger 
values of eB . In these simulations, however, a heavy pion with 
mπ (0) = 415 MeV in vacuum has been considered. In order to 
compare these results with our predictions we follow the proce-
dure done in Ref. [10], viz. we consider a parameter Set Ib in which 
G and  are the same as in Set I, while m0 is increased so as to 
obtain mπ (0) = 415 MeV. Moreover, in Ref. [10], the authors also 
consider a magnetic ﬁeld dependent coupling G(eB) of the form
G(eB) = α + β e−γ (eB)2 , (44)
in order to reproduce LQCD results for the behavior of quark con-
densates as well as that of the π0 mass.
160 M. Coppola et al. / Physics Letters B 782 (2018) 155–161Fig. 3. (Color online.) Normalized neutral pion mass and magnetic ﬁeld-dependent 
charged pion mass as functions of eB . Solid lines correspond to the results from Set 
Ib, while dashed lines are obtained from Set IV of Ref. [10], considering a magnetic 
ﬁeld-dependent coupling G(eB) as in Eq. (44). The dotted line shows the behavior of 
the normalized magnetic ﬁeld-dependent mass of a point-like charged pion, while 
squares correspond to the results of lattice QCD simulations in Ref. [24], which con-
sider a B = 0 pion mass of 415 MeV.
The curves for the normalized charged pion B-dependent mass 
Eπ+/mπ (0) and neutral pion mass mπ0/mπ (0) for Set Ib are 
shown in Fig. 3 (solid lines), together with LQCD results obtained 
for these quantities after an extrapolation of lattice spacing to the 
continuum [24]. In addition, we have included in this ﬁgure the 
results corresponding to the parameter Set IV of Ref. [10], with the 
B-dependent coupling G(eB). It is seen that for the π+ meson the 
results from Set Ib are consistent with lattice data, although the 
errors in the latter are considerably large to be conclusive (in fact, 
results obtained considering ﬁnite lattice spacings become closer 
to those corresponding to a point-like π+ [25]). On the other 
hand, in the case of the π0 mass, where errors from LQCD are 
smaller, the curve obtained from Set Ib appears to be clearly above 
lattice predictions. Regarding the model proposed in Ref. [10], it 
is seen that the behavior of the B-dependent mass of the π+
is similar to that of a point-like particle, while (as discussed in 
Ref. [10]) the results for the π0 mass are in good agreement 
with LQCD data. In the case of that model, it is worth noticing 
that once m0 is rescaled to get a phenomenologically acceptable 
value for the pion mass, the corresponding parametrization leads 
to a too low value for the pion decay constant at B = 0, namely 
fπ  80 MeV.
In conclusion, we have analyzed the effect of an intense exter-
nal magnetic ﬁeld B on π meson masses within the two-ﬂavor 
NJL model. In particular, we have shown that the Ritus eigenfunc-
tion method allows us to fully take into account the translational-
breaking effects introduced into the calculation of the charged me-
son masses by the Schwinger phases in the RPA approach. For the 
deﬁnition of the magnetic-ﬁeld dependent mass it has been taken 
into account that, owing to zero-point motion in the plane perpen-
dicular to B , the charged pion cannot be at rest in the presence of 
the magnetic ﬁeld, even at the lowest Landau level.
In our numerical calculations we have used a model parametri-
zation that satisfactorily describes not only meson properties in 
the absence of the magnetic ﬁeld but also the behavior of quark 
condensates as functions of B obtained in LQCD calculations. We 
have found that when the magnetic ﬁeld is enhanced, the π0
mass shows a slight decrease, while the magnetic-ﬁeld depen-dent mass of the charged pion steadily increases, remaining always 
larger than that of a point-like pion. These results are in agree-
ment with LQCD calculations with realistic pion masses for low 
values of eB (say eB  0.15 GeV2), although there seems to be 
some discrepancy as the magnetic ﬁeld is increased. For larger val-
ues of eB , some recent LQCD simulations for mπ0 and Eπ+ have 
been carried out considering unphysically large quark masses. In 
the case of Eπ+ the results are consistent with our calculations 
(with adequately rescaled parameters), while there is a signiﬁcant 
discrepancy in the case of the π0 mass. On the other hand, it 
is seen that the agreement for mπ0 gets improved if, as done in 
Ref. [10], a magnetic dependent coupling constant G(eB) is in-
troduced. In this sense, we notice that nonlocal NJL-like models, 
which naturally predict a magnetic ﬁeld dependence of the quark 
current–current interaction, have been shown to adequately repro-
duce the π0 mass behavior [12]. A proper analysis of the π+
mass in this framework would be welcome. Concerning the fu-
ture outlook on this subject, it is clear that within the NJL model 
the method used in this work will allow for a consistent deter-
mination of the charged pion decay constants and the behavior of 
ﬁnite temperature pion properties in the presence of intense mag-
netic ﬁelds. We expect to report on these topics in forthcoming 
publications.
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